Contact stiffness and friction coefficient are excitation sources and key influencing factors to frictional squeal with obvious inhomogeneous characteristic that is always neglected. In this paper, a multipoint contact flexible pin-on-disc system is established considering tangential stiffness. Then influence of contact stiffness and friction coefficient with heterogeneous distribution on frictional squeal is studied using the complex modal analysis. The research shows that contact stiffness and friction coefficient heterogeneities influence the likelihood of occurrence of the squeal, the frequency of the squeal, and the real part of the complex eigenvalue of the system. And when the contact stiffness and friction coefficient are close to the boundary of the region of modecoupling instability, flexible pin-on-disc system with homogeneous contact stiffness and friction coefficient cannot predict whether frictional squeal occurs or not. Besides, uncertain distribution of contact stiffness and friction coefficient can induce the uncertainty of brake squeal.
Introduction
Frictional squeal has high frequency and high intensity and it exists widely in various mechanical systems such as brake system, clutch, and train wheel/rail [1, 2] . It may give rise to enormous economic losses, and it has long been a major concern for the mechanical engineering [1] [2] [3] [4] . Till now, it shows that heterogeneous surface topography and material property play a key role in the local contact stiffness and friction coefficient and further greatly influence the frictional squeal [5] [6] [7] [8] . So it is of great importance to study the influence of contact stiffness and friction coefficient with heterogeneous distribution in contact surface on frictional squeal.
Many numerical approaches have been presented to explore the squeal phenomenon with deterministic parameters. The influence of the friction coefficient and contact stiffness was always investigated based on analytical models [9, 10] and finite element models [11, 12] , and it has been accepted that high values for friction coefficient lead to high levels of dynamic instability [13, 14] . However, researches focus more on the influence of mean value of friction coefficient and integral contact stiffness, and the heterogeneities of friction coefficient and contact stiffness are neglected. Some studies investigated the influence of heterogeneous contact stiffness on frictional squeal but heterogeneous friction coefficient was neglected [15] . This hinders further understanding of the mechanism of frictional squeal and reduced the prediction accuracy of frictional squeal frequency.
Recently, some researches aimed at applying uncertainty analyses to frictional squeal. Renault et al. [16] investigated brake squeal uncertainty based on finite element model using interval parameter method, and the parameters of working load, damping property effects, material property effects, and pad surface topography effects were treated as uncertain parameters; Sarrouy et al. [17] proposed polynomial chaos expansions to study brake squeal uncertainty and the stability of a finite element model of a brake was investigated when its friction coefficient or the contact stiffness was treated as random parameter; Hui Lü proposed a hybrid uncertain model with random and interval parameters to deal with the uncertainties existing in a disk brake system, and Young's modulus of the pad was treated as random parameter [18, 19] ; Culla and Massi [20] investigated the statistical characteristics of real part of the complex eigenvalue of the system under the assumption that its friction coefficient was random parameter; then a simplified model was established to save computation time; Nobari et al. [21] proposed an efficient method of uncertainty propagation via surrogate modeling and then the statistical characteristics of frequency and real part of the complex eigenvalue of an unstable mode were studied; Sarrouy et al. [22] proposed two methods based on the polynomial chaos to carry out the stochastic study of a brake squeal and investigated the statistical characteristics of frequency and real part of the complex eigenvalue of unstable mode when friction coefficient and contact stiffness were treated as uncertain parameters, respectively. Former studies show that the uncertainties of friction contact parameters are important causes of frictional squeal uncertainty. While only the influence of mean value of friction coefficient and integral contact stiffness is analyzed, the uncertainties of the friction contact parameters distribution are often neglected. In fact, with the same mean value of contact stiffness and friction coefficient, uncertainties of the friction contact parameters distribution can also induce frictional squeal uncertainty.
Consequently, the objective of this paper is to present an analytical model including contact stiffness and friction coefficient heterogeneities in the contact surface. This numerical model is a multipoint contact flexible pin-on-disc model with tangential stiffness in consideration. Focus is put on the influence of the contact stiffness and friction coefficient with heterogeneous distribution on the likelihood of squeal occurrence via mode lock-in. Besides, the probability density curves of the unstable frequencies and real parts of the complex eigenvalues of the system are analyzed with contact stiffness and friction coefficient obeying normal distribution, respectively.
Multipoint Contact Flexible Pin-on-Disc
Model and Complex Modal Analysis 2.1. Modeling. The pin-on-disc system used in the present study consists of 2 components, (i) a flexible pin and (ii) a flexible disc, as shown in Figure 1 (a). The disc is assumed to be clamped at the inner bore and free at the outer rim. in is the radius of the inner bore and out is the radius of the outer rim. The pin has a uniform square cross-sectional area whose side length is and it is assumed to be fully clamped at one end and in contact with the disc at the other end. One end of the pin is in contact with the disc, which rotates at the constant speed of Ω, with multiple contact points. The pin inclines with an angle of along the direction of rotation of the disc. In developing the analytical modeling, the following assumptions are introduced: (1) The pin can vibrate in two principal directions: the axial direction, , and the transverse direction, . (2) The disc can vibrate only in the out-of-plane direction, . (3) Since disc brake squeal tends to appear at low speeds, centripetal and gyroscopic effects may be omitted. (4) The effect of friction follower force is neglected on the basis that contact stiffness term is much larger than preload term in the stiffness matrix. (5) All contact points are in contact and the shape of the contact surface is not changed in the process of the disc rotation.
There are three coordinate systems in the model, which are the absolute coordinate systems (̃,̃), the coordinate systems ( , ) fixed on the disc, and the coordinate systems ( , ) fixed on the pin, respectively.
Contact Forces.
To study the influence of the heterogeneous contact stiffness and friction coefficient on frictional squeal, multiple contact points are introduced to the model. The free end of the pin is assumed to be in constant contact with the disc with 100 contact points. Each contact point is set as follows: divide the contact surface into 100 small squares, and then each contact point is set on the geometric center of each square as shown in Figure 1(c) . The geometric center of the contact surface is ( 0 , 0). There are three kinds of forces on each contact point, which are normal contact force , tangential contact force , and friction force , where represents the number of contact points: = 1, 2, 3, . . . , 1 . To simplify the study, normal contact and tangential contact are assumed as linear springs as shown in Figure 1(b) . And the normal contact stiffness on contact point is , the tangential contact stiffness is , and the friction coefficient is . The normal contact force is assumed as a function of relative transverse displacement between pin and disc:
where ( , ) is the displacement in the axial direction on each contact point, ( , ) is the displacement in the transverse direction on each contact point, and ( , ( ), ) is the displacement in the out-of-plane direction on each contact point. Tangential contact force on each contact point is
The friction force on each contact point is
Assuming that the ratio of the tangential stiffness to the normal stiffness between two bodies is a constant value [5] on each contact point, the tangential stiffness can be written as
Modeling of the Flexible Disc.
Assuming that, at the beginning, the coordinate of the free end of the pin in the coordinate systems ( , ) is ( , ), at the moment , the rotational angle of the free end of the pin relative to the axis of the disc is ( ), and the rotational angle of the free end of the pin relative to that of the disc is , so = Ω + − . Rotational effect and the effect of friction follower force are neglected and the equation of motion of the disc in the coordinate systems ( , ) is
where ∇ 4 is Laplace operator defined in polar coordinate as
and is flexible rigidity of the disc as
, where is the density of the disc, ℎ is the thickness of the disc, ] is Poisson's ratio of the disc, and * is the Kelvin-type damping coefficient of the disc.
Modeling of the Flexible Pin.
The transverse vibration of the pin in the coordinate systems ( , ) can be written as
where is Young's modulus of the pin, is the density of the pin, is the cross-sectional area of the pin, and is the Kelvin-type damping coefficient of the pin in the transverse direction.
The axial vibration of the pin in the coordinate systems ( , ) can be written as
where is the Kelvin-type damping coefficient of the pin in the axial direction.
Dynamics of the Whole Pin-on-Disc
System. Matrix form of coupled vibration equation of pin-on-disc system is built using modal synthesis method, which can be written as
The formula derivation process is shown in Appendix A.
Parameters and Simulation Setup of the Pin-on-Disc
System. The parameters used for the pin-on-disc system are given in Appendix B.
The problem of squeal is considered in a frequency range of 1-12 kHz so that only the first 13 modes of the disc, the 1st, 2nd, and 3rd transverse mode of the pin, and the first axial mode of the pin are used. nodal diameter mode of the disc combines with the natural frequency of the 1st transverse mode of the pin when the coefficient of friction is equal to 0.58 (call it the first unstable mode) and the natural frequency of the (0, 5) nodal diameter mode of the disc combines with the natural frequency of the 2nd transverse mode of the pin when the coefficient of friction is equal to 0.21 (call it the second unstable mode).
Illustration of the

The Region of Mode-Coupling Instability in Homogeneous Cases.
A bounded region of mode-coupling instability of the first unstable mode and the second unstable mode for the normal contact stiffness versus friction coefficient is shown in Figures 3(a) and 3(b) . It can be seen that the region of mode-coupling instability is now bounded in a finite normal contact stiffness and friction coefficient range. By selecting the proper normal contact stiffness and friction coefficient, the region of mode-coupling instability can be avoided.
The Influence of Friction Contact
Parameters with Heterogeneous Distributions on Frictional Squeal
Analysis Process.
The analysis process is shown in Figure 4 .
In this study, we analyze the influence of normal contact stiffness with heterogeneous distribution on frictional squeal when the friction coefficient is homogeneous (Case 1), the influence of friction coefficient with heterogeneous distribution on frictional squeal when the contact stiffness is homogeneous (Case 2), and the influence of normal contact stiffness and friction coefficient with heterogeneous distribution on frictional squeal (Case 3). To simplify this study, heterogeneous contact stiffness and friction coefficient obey normal distribution, respectively, and assume that the coefficient of dispersion of normal contact stiffness and the coefficient of dispersion of friction coefficient have the same value in Case 3 because the distributions of normal contact stiffness and friction coefficient are both related to surface topography. It is clear that, in a real configuration, the distributions of contact stiffness and friction coefficient probably cannot be represented by simple normal distributions. But this simple distribution enables us to understand the role of the heterogeneities of the contact stiffness and friction coefficient. Now Case 1 is taken as an example to explain the analysis process as shown in Figure 4 . In order to develop this analysis, a Monte Carlo simulation is performed by varying the distribution of normal contact stiffness and friction coefficient.
(1) The mean value of the friction coefficient, the mean value of the normal contact stiffness, and the coefficient of dispersion of normal contact stiffness should be defined; then 100 values of contact stiffness obeying normal distribution are generated. Each value is given to one contact point; then a surface with normal distribution contact stiffness is generated. (2) 1000 surfaces with the same mean value of normal contact stiffness and the coefficient of dispersion of normal contact stiffness are obtained by using the method in step (1) . (3) Complex eigenvalue analysis is carried out for each surface; then the influence of the mean value of normal contact stiffness and friction coefficient on the ratio of unstable cases (RUC) is analyzed, where RUC is the ratio of the number of the unstable cases to the total calculated cases (namely, 1000 calculations). (4) The influence of mean , mean , and on RUC and the dispersions and distributions of frequencies and real parts of the complex eigenvalues are analyzed.
Generation of Heterogeneous Normal Contact Stiffness and
Friction Coefficient. In this section, heterogeneous normal contact stiffness and friction coefficient are generated as follows (take the generation of heterogeneous normal contact stiffness as an example): the mean value of contact stiffness is mean and the coefficient of dispersion of normal contact stiffness is , so the standard deviation is = mean ; then the main range of the normal contact stiffness is [ mean − 3 , mean + 3 ]; each value is given to one contact point and then a surface with normal distribution contact stiffness is generated. A surface with normal distribution contact stiffness with the mean value mean = 2. Case1: case with heterogeneous normal contact stiffness and homogeneous friction coefficient
Generation of 1000 contact surfaces with heterogeneous normal contact stiffness and homogeneous friction coefficient:
Complex eigenvalue analysis for the 1000 cases with heterogeneous normal contact stiffness; then RUC is calculated:
(iii) The dispersion and distribution of frequency and real part of the complex eigenvalue
Analysis of influencing factors
Generation of contact surface with normal contact stiffness obeying normal distribution: 
Evaluation Index of Heterogeneous Contact Stiffness and
Friction Coefficient. In this Section, 4 indexes are introduced, namely, the mean value of normal contact stiffness, the coefficient of dispersion of normal contact stiffness, the mean value of friction coefficient, and the coefficient of dispersion of friction coefficient. The mean values of the normal contact stiffness and friction coefficient indicate the magnitude of the normal contact stiffness and friction coefficient, and the coefficient of dispersions of the normal contact stiffness and friction coefficient indicate the degree of heterogeneity.
(1) The mean value of normal contact stiffness mean is
(2) The coefficient of dispersion of normal contact stiffness is
(3) The mean value of normal friction coefficient mean is
(4) The coefficient of dispersion of friction coefficient is
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Convergence Analysis. With the increasing of Monte
Carlo simulations, the results would be more accurate, while the simulation time would increase greatly. In order to determine whether 1000 Monte Carlo simulations are sufficient to draw the conclusions, evolution of RUC versus the number of Monte Carlo simulations is analyzed. The analysis process is stated in Section 3.1, and the parameters used for the pin-ondisc system are given in Appendix B. Assume that mean = 0.3, mean = 2.2 × 10 6 N/m, and = 0.6. Evolution of RUC versus the number of Monte Carlo simulations is shown in Figure 6 . When the number of Monte Carlo simulations changes from 1000 to 11000, RUC changes little. So, to save computation time, 1000 simulations are chosen. What is more, the computer (Dell-OptiPlex 3040, Intel core i5-6500) and the platform Matlab R2016b are used to run the Monte Carlo simulations.
Case 1: Cases with Heterogeneous Normal Contact
Stiffness and Homogeneous Friction Coefficient
Influence of the Mean Value of Normal Contact Stiffness and Friction Coefficient on Frictional Squeal.
The analysis process is stated in Section 3.1, and the parameters used for the pin-on-disc system are given in Appendix B. Assume that the coefficient of dispersion of normal contact stiffness is = 0.6. The evolution of RUC versus the mean value of the normal contact stiffness and the mean value of the friction coefficient is shown in Figures 7(a) and 7(b) , where the red arrow points to the enlarged image in the red square. In the enlarged image, the red line is the boundary of the region of mode-coupling instability when normal contact stiffness and friction coefficient are homogeneous distribution as shown in Figure 3 .
(1) It shows that, to the first unstable mode and the second unstable mode, when ( mean , mean ) locates out of the region of mode-coupling instability and far away from the boundary of the region of mode-coupling instability, RUC = 0; when ( mean , mean ) locates in the region of modecoupling instability and far away from the boundary of the region of mode-coupling instability, RUC = 1; when ( mean , mean ) locates near the boundary of the region of mode-coupling instability, 0 < RUC < 1.
(2) When ( mean , mean ) locates near the boundary of the region of mode-coupling instability, the RUC increases with the increase of the mean value of normal contact stiffness and the mean value of friction coefficient.
(3) The result of complex eigenvalue analysis based on the model in homogeneous case should be only stable (RUC = 0) or unstable (RUC = 1), so in the region 0 < RUC < 1, the model with homogeneous normal contact stiffness and friction coefficient cannot predict whether the system is stable or not. 
Influence of the Coefficient of Dispersion of Normal Contact Stiffness on the Likelihood of Squeal Occurrence.
Assuming that mean = 0.3, variation of RUC with coefficient of dispersion of normal contact stiffness is analyzed when ( mean , mean ) locates in the region of mode-coupling instability (the black line), in the non-mode-coupling region (the blue line), and on the boundary of region of mode-coupling instability (the red line), respectively, as shown in Figures 8(a) and 8(b) . Assuming that nominal value of normal contact stiffness is nom = 2 × 10 6 N/m, the dimensionless contact stiffness is * = mean / nom . As shown in Figure 8 , when ( mean , mean ) locates in different position in Figure 3 , RUC varies with the coefficient of dispersion of normal contact stiffness in different law: when ( mean , mean ) locates in the non-mode-coupling region, RUC increases with the increase of the coefficient of dispersion of normal contact stiffness; when ( mean , mean ) locates in the region of mode-coupling instability, RUC decreases with the increase of coefficient of dispersion of contact stiffness; when ( mean , mean ) locates on the boundary of region of mode-coupling instability, RUC changes little with the increase of coefficient of dispersion of normal contact stiffness. Figure 7 can be divided into 3 parts: stable region (RUC = 0), mix region (0 < RUC < 1), and unstable region (RUC = 1). In frictional squeal analysis, mix region and unstable region are more important. So frequencies and real parts of the complex eigenvalues in the mix region and the unstable region are analyzed. 6 N/m for the second unstable mode), 1000 random surfaces are generated and complex eigenvalue analysis is carried out for = 0.2, = 0.4, = 0.6, respectively. Then the dispersions of the frequencies and the real parts of the complex eigenvalues are obtained as shown in Table 1 .
The Dispersions and Distributions of the Frequencies and Real Parts of the Complex Eigenvalues. The region in
As shown in Table 1 , the range of the frequencies and real parts of the complex eigenvalues changes around the frequency and real part of the complex eigenvalue in homogeneous case. And with the increase of the coefficient of dispersion of the normal contact stiffness, the range of the frequencies and the real parts of the complex eigenvalues of the first and the second unstable modes also increases.
(2) The Dispersions and Probability Densities of Frequencies and Real Parts of the Complex Eigenvalues in the Unstable Region Selecting the mean value of friction coefficient and contact stiffness in the unstable region ( mean = 0.3, mean = 2.5 × 10 6 N/m for the first unstable mode and mean = 0.3, mean = 4.2 × 10 6 N/m for the second unstable mode), the dispersions and probability densities (PD) of frequencies and real parts of the complex eigenvalues in the unstable region are shown in Table 2 , where the frequency histogram, the probability density function (PDF), and normal distribution with the same mean value and standard deviation are shown in the PD of frequency and real part of the complex eigenvalue. As shown in Table 2 , with the increase of the coefficient of dispersion of the normal contact stiffness, the range of the frequencies and the real parts of the complex eigenvalues of the first and the second unstable modes also increases. And in the probability densities of the frequencies and real parts of the complex eigenvalues in Table 2 , the PDFs of the frequencies and real parts of the complex eigenvalues approximate the normal distribution with the same mean value and standard deviation, which proves that the unstable frequencies and real parts of the complex eigenvalues of the first and the second unstable modes have normal distribution. The mean values of the frequencies of the first unstable mode when = 0.2, = 0.4, and = 0.6 are 2835.47, 2835.47, and 2835.47 and the standard deviations are 0.04386, 0.08299, and 0.1267, respectively. It is proven that, with the increase of the coefficient of dispersion of the normal contact stiffness, the mean values of frequencies of the first unstable mode are the same and the standard deviations of the contact stiffness increase. The mean values and the standard deviations of frequencies of the second unstable mode obey the same law as that of the first unstable mode, so unnecessary details are not given here.
Case 2: Cases with Heterogeneous Friction Coefficient and Homogeneous Normal Contact Stiffness
Influence of the Mean Value of Normal Contact Stiffness and Friction Coefficient on Frictional Squeal.
The analysis process is stated in Section 3.1, and the parameters used for the pin-on-disc system are given in Appendix B. Assume that the coefficient of dispersion of friction coefficient is = 0.6. The evolution of RUC versus the mean value of the normal contact stiffness and the mean value of the friction coefficient is shown in the second row in Table 5 (the row  of Case 2) , where the arrow points to the enlarged image in the red square. In the enlarged image, the red line indicates the boundary of the region of mode-coupling instability when normal contact stiffness and friction coefficient have homogeneous distribution as shown in Figure 3 .
(1) It is shown that, to the first unstable mode and the second unstable mode, when ( mean , mean ) locates out of the region of mode-coupling instability and far away from the boundary of the region of mode-coupling instability, RUC = 0; when ( mean , mean ) locates in region of mode-coupling instability and far away from the boundary of the region of mode-coupling instability, RUC = 1; when ( mean , mean ) locates near the boundary of the region of mode-coupling instability, 0 < RUC < 1.
(2) When ( mean , mean ) locates near the boundary of the region of mode-coupling instability, RUC increases with the increase of the mean value of normal contact stiffness and the mean value of the friction coefficient.
(3) The result of complex eigenvalue analysis based on the model with homogeneous cases should be only stable (RUC = 0) or unstable (RUC = 1), so in the region 0 < RUC < 1, the model with homogeneous normal contact stiffness and friction coefficient cannot predict whether the system is stable or not.
Influence of the Coefficient of Dispersion of Friction Coefficient on the Likelihood of Squeal Occurrence.
As shown in the second row in Table 6 (the row of Case 2), RUC varies with the coefficient of dispersion of friction coefficient in different law: when ( mean , mean ) locates in the non-mode-coupling region, RUC increases with the increase of coefficient of dispersion of friction coefficient; when ( mean , mean ) locates in the region of mode-coupling instability, RUC decreases with the increase of the coefficient of dispersion of friction coefficient; when ( mean , mean ) locates on the boundary of region of mode-coupling instability, RUC changes little with the increase of coefficient of dispersion of friction coefficient.
The Dispersions and Distributions of the Frequencies and Real Parts of the Complex Eigenvalues.
Just like in Section 3.5.3, frequencies and real parts of the complex eigenvalues in the mix region and the unstable region are analyzed below.
(1) The Dispersions of Frequencies and Real Parts of the Complex Eigenvalues in the Mix Region Selecting the point in the mix region ( mean = 0.3, mean = 2.19×10 6 N/m for the first unstable mode and mean = 0.3, mean = 3.825×10 6 N/m for the second unstable mode), 1000 random surfaces are generated and complex eigenvalue analysis are carried out for = 0.2, = 0.4, = 0.6, respectively. Then the dispersions of the frequencies and the real parts of the complex eigenvalues are obtained as shown in Table 7 .
As shown in Table 7 , with the increase of the coefficient of dispersion of the friction coefficient, the range of the frequencies and the real parts of the complex eigenvalues of the first and the second unstable modes increases.
(2) The Dispersions and Probability Densities of Frequencies and Real Parts of the Complex Eigenvalues in the Unstable Region Selecting the mean value of friction coefficient and contact stiffness in the unstable region ( mean = 0.3, mean = 2.5 × 10 6 N/m for the first unstable mode and mean = 0.3, mean = 4.2 × 10 6 N/m for the second unstable mode), the dispersions and probability densities of frequencies and real parts of the complex eigenvalues in the unstable region are shown in Table 8 , where the frequency histogram, the probability density function (PDF), and normal distribution with the same mean value and standard deviation are shown in the figures of distributions of frequencies and real parts of the complex eigenvalues. With the increase of the coefficient of dispersion of friction coefficient, the range of the frequencies and the real parts of the complex eigenvalues of the first and the second unstable modes also increases. And in the probability densities of the frequencies and real parts of the complex eigenvalues in Table 8 , the PDFs of the frequencies and real parts of the complex eigenvalues approximate the normal distribution with the same mean value and standard deviation, which proves that the unstable frequencies and real parts of the complex eigenvalues are normally distributed. The mean values of the frequency of the first unstable mode when = 0.2, = 0.4, and = 0.6 are 2835.48, 2835.48, and 2835.48 and the standard deviations are 0.03341, 0.06278, and 0.9598, respectively, which proves that the mean values of frequency of the first unstable mode are the same, and the standard deviations of the frequency increase with the increase of the coefficient of dispersion of friction coefficient. The mean values and the standard deviation of frequency of the second unstable mode obey the same law as that of the first unstable mode, so unnecessary details are not given here.
Case 3: Cases with Heterogeneous Normal Contact Stiffness and Heterogeneous Friction Coefficient.
Under the condition that normal contact stiffness and friction coefficient have normal distribution, the evolution of RUC versus the mean value of the normal contact stiffness and the mean value of the friction coefficient is shown in the third row in Table 5 (the row of Case 3), and the evolution of RUC with the coefficient of dispersion of the contact stiffness ( = = 0.6) is shown in the third row in Table 6 (the row of Case 3). The dispersions of the frequencies and real parts of the complex eigenvalues in the mix region are shown in Table 9 and the dispersions and distributions of the frequencies and real parts of the complex eigenvalues are shown in Table 10 . Influence of ( mean , mean ) on RUC and influence of the coefficient of dispersion of the contact stiffness and friction coefficient on RUC are the same as those in Case 1 and Case 2; at the same time, influences of the coefficient of dispersion of normal contact stiffness and friction coefficient on the frequencies and real parts of the complex eigenvalues in the mix region and the unstable region are the same as those in Case 1 and Case 2, and frequencies and real parts of the complex eigenvalues in unstable region also have normal distribution, so unnecessary details are not given here.
Combining figures in the third row in Table 5 and Figure 7 , it can be concluded that when contact stiffness and friction coefficient are both heterogeneous in Case 3, for the first and the second unstable modes, the mix region is larger than that in Case 1 and Case 2.
Conclusion
This paper describes the development of a complex eigenvalue analysis of a flexible pin-on-disc system considering tangential contact stiffness. The study has included a heterogeneous distribution of contact stiffness and a heterogeneous distribution of friction coefficient to investigate the influence of the heterogeneous distribution of normal contact stiffness and friction coefficient on frictional squeal. The heterogeneous distribution is assumed as normal distribution. Different coefficient of dispersions and mean values of normal contact stiffness and friction coefficient have been examined and, for each, 1000 random heterogeneity dispersions are computed to reach a probabilistic study using Monte Carlo algorithm. The result demonstrates that the introduction of heterogeneities in the contact surface plays a key role in frictional squeal.
(1) When the mean value of normal contact stiffness and friction coefficient varies from the stable region to the unstable region, RUC increases from 0 to 1. In contrast to the conditional region of instability (the region of mode-coupling instability), the range of the region when squeal may occur (RUC > 0) is enlarged.
(2) The result of the pin-on-disc model with homogeneous normal contact stiffness and friction coefficient can be only RUC = 0 or RUC = 1, so when ( mean , mean ) locates in the range of 0 < RUC < 1, the model with homogeneous normal contact stiffness and friction coefficient cannot predict the dynamic behavior of the system accurately.
(3) When ( mean , mean ) locates in different position in non-mode-coupling region or the region of mode-coupling instability in the homogeneous cases, RUC varies with the coefficient of dispersion of normal contact stiffness in different law: when ( mean , mean ) locates in the non-modecoupling region, RUC increases with the increase of the coefficient of dispersion of normal contact stiffness or friction coefficient; when ( mean , mean ) locates in the region of mode-coupling instability, RUC decreases with the increase of coefficient of dispersion of contact stiffness or friction coefficient; when ( mean , mean ) locates on the boundary of the region of mode-coupling instability, RUC changes little with the increase of coefficient of dispersion of normal contact stiffness or friction coefficient.
(4) The range of frequency and real part of the complex eigenvalue increases with the increase of coefficient of dispersion of normal contact stiffness or friction coefficient. When the mean value ( mean , mean ) locates in the unstable region, if the distributions of the normal contact stiffness and friction coefficient are normal distributions, the frequency and real part of the complex eigenvalue have normal distributions. And when the coefficient of dispersion of contact stiffness or friction coefficient increases, the mean values of the frequency and real part of the complex eigenvalue vary little while the coefficients of dispersion of frequency and real part of the complex eigenvalue increase. where 1 , 1 , 1 , 1 , and V are the constant values and they can be determined from the boundary condition. The axial vibration of the pin can be expressed by the summation of its natural modes and modal coordinates as
which satisfy the orthonormality conditions: where 2 , 2 , and V are the constant coefficients and they can be determined from the boundary condition. With regard to the disc, substituting (A.1) into (5) in Section 2, multiplying (5) with Φ , and then integrating with the help of (A.2) yield
(A.10) Similarly, with regard to the transverse vibration of the pin, substituting (A.4) into (6), multiplying (6) in Section 2 with ( ), and then integrating with the help of (A.5) yield
Similarly, with regard to the axial vibration of the pin, substituting (A.7) into (7) in Section 2, multiplying (7) with ( ), and then integrating with the help of (A.8) yield (1) and (2) in Section 2 yields
(A.14)
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B. Parameters Used for the Pin-on-Disc System
Parameters of pin-on-disc system are shown in Tables 3 and  4 .
Other parameters are 0 = 0.095 m, = 5 ∘ , Ω = 20 rad/s, * = = = 0, and = 0.2.
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